Detection of the field induced by a beam outside of the beam pipe can be used as a beam diagnostic. Wires placed in longitudinal slots in the outside wall of the beam pipe can be used as a beam pickup. This has a very small beam-coupling impedance and avoids complications of having a feedthrough. The signal can be reasonably high at low frequencies. We present a field waveform at the outer side of a beam pipe, obtained as a result of calculations and measurements. We calculate the beam-coupling impedance due to a long longitudinal slot in the resistive wall and the signal induced in a wire placed in such a slot and shielded by a thin screen from the beam. These results should be relevant for impedance calculations of the slot in an antechamber and for slots in the PEP-II distributed ion pump screens. The design of the lowfrequency beam position monitor is very simple. It can be used in storage rings, synchrotron light sources, and free electron lasers, like LINAC coherent light source.
I. INTRODUCTION
The electromagnetic (EM) field induced by a beam outside of a thin beam pipe may be quite noticeable. The analytical solution for electromagnetic fields in a round beam pipe in the frequency domain can be found elsewhere [1] . The field waveform can be determined by numerically solving the wave equations in the time domain [2] . As a numerical example, Fig. 1 shows the time profile of the field induced by a bunch on the inner side (pancake thin red line) and on the outer side (blue line) of a stainless-steel tube. The bunch length is 10 mm, the tube radius is 5 mm, and the wall thickness is 0.1 mm. One can see that the field amplitude outside of the pipe decreases by only a factor of 100.
Another example is given in Fig. 2 for an aluminum chamber with a radius of 2.5 mm and with a tube thickness of 0.5 mm (parameters of the LINAC coherent light source [3] , round chamber). The signal outside of the pipe in this case may reach an amplitude of 35 V=m for a 1 nC bunch.
In both examples, the main contribution to the signal is given by the low-frequency modes which can penetrate through the wall. Such frequencies for short bunches are much lower than the width of the bunch spectrum. Therefore, the signal is practically independent on the bunch length which simplifies any design of the beam position monitor (BPM) electronics. Another common feature of both results is the time delay between the signals on the inner and outer sides defined by the diffusion time of the magnetic field through the wall (about 3 ns in Fig. 1 and 200 ns in Fig. 2 ).
The field outside of the beam pipe can be detected and used to build a BPM without any feedthrough thereby preserving the smooth beam pipe wall seen by the beam. An idea of a BPM based on the detection of the EM field behind a thin foil was suggested long ago [4] . Based on this approach, a low impedance BPM was proposed and tested by one of the authors (A. A.) for the VEPP-5 collider, a Bfactory project planned to be built in Novosibirsk [5] . To prove the feasibility of the approach an experimental model was built. The experimental signal measured the outside of the beam pipe with a 15 mm inner radius [5] is 
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shown in Fig. 3 . At that time, the full solution for EM fields was not obtained but simple estimates were used to derive the signal amplitude and duration. The dipole mode of the beam EM field was simulated by a short pulse propagating in a two wire transmission line. The transmission line was inserted into an aluminum pipe with the central part of the pipe replaced with a 50 m thick stainless-steel foil. The magnetic field penetrating through the foil was measured using a 12 turn coil with a 2 Â 2 cm cross section. An oscilloscope snapshot of the current pulse in the transmission line and the signal measured by the coil are shown in Figs. 3(a) and 3(b), respectively [5] . The measured signal amplitude and duration were in good agreement with expected values.
This kind of a BPM could be used in a free-electron lasers like LCLS where the wall thickness can be as small as 0.5 mm [3] . In general, a BPM can be made from a loop of wire set into a thin longitudinal groove (or several grooves) in the outer side of the beam pipe wall, see Fig. 4 . For simplicity, we consider a round beam pipe denoting the inner radius a, the thickness of a screen Á, and the wall conductivity w . In the first approximation, the effects of several wires are additive because the pipe walls provide natural screening reducing the cross talk between wires. Consequently, it suffices to consider the effect of a single wire.
II. EM FIELDS IN A BEAM PIPE WITH A SLOT
Let us begin with calculations of the EM fields in a pipe with a slot using Maxwell's equations for a particle moving in a round beam pipe along the z axes with the offset r 0 and velocity v. Assuming a time dependence of the form e Ài!t , equations for the !-frequency components of EM fields generated by the particle are
where is the wall conductivity considered a constant over !, b is the particle density, and j b is the current. The second equation can be rewritten introducing D ¼ E to be
The first of the two equations in (1) gives div B ¼ 0, and from Eq. (2) and the continuity equation
In cylindrical coordinates with the polar axis along the beam pipe axis,
The wave equation follows from r Â r Â B ¼ rðrBÞ À 4B and Maxwell's equations. In the regions of constant ,
where the current j b ¼ẑv b has only a z component along the beam pipe, and 
At the boundaries, where changes its value, tangential components of E and B have to be continuous. Then the normal components of D and B are continuous automatically.
Let us expand Bðr; ; zÞ over the azimuthal harmonics and assume a dependence on z of the form e i!z=v , 
whererðÞ,ðÞ, andẑ are unit vectors. For a round beam pipe the only direction breaking azimuthal symmetry is the direction to the slot. We assume below that ¼ 0 corresponds to this direction and refer to the plane of a slot as the horizontal plane. Equation (5), rewritten for the components B 
where
Inside the beam pipe, ¼ 1. In the ultrarelativistic case, the equations in (8) 
In the region of r < r 0 the solution does not contain a singularity at r ! 0 and has to be matched with the solution in the region r 0 < r < a. The conditions for matching at r ¼ r 0 are defined by the right-hand side (RHS) of Eq. (10) 
The fields at r 0 < r < a are 
where k ¼ !=c. The components of the electric field are 
For r > a, the equations in (8) can be rewritten adding to both sides of equations a term ð!=cÞ 2 ð1 À ÞB AE m . In the ultrarelativistic case, the first equation in (8) for the case of r > a takes the form 1 r
is a constant given by the of the metal,
and
is the skin depth. The RHS R AE m ðrÞ is equal to zero in the metal. In the slots, r > a þ Á, jj < =2, the RHS is then
where is the angular slot width, and
The solution of the homogeneous equation (16) 
This solution is valid in the metal for a < r < a þ Á, and the tangential components of the fields B and E ¼ ði=kÞr Â B have to be matched with the solution inside of the beam pipe at the beam pipe radius r ¼ a. For frequencies for which the skin depth ! ( a, we can use the asymptotic expression of the Bessel functions, 
The solution of the inhomogeneous equation (16) 
Explicitly, 
For a beam pipe wall with a slot, the condition AE m ¼ 0 is not valid because the integral term in Eq. (25) gives an exponentially growing contribution. Therefore, AE m can be defined only after Eq. (25) is solved.
To proceed further, we notice that, for a beam pipe with a slot, there are azimuthal harmonics with m > 0 even for a beam with a zero offset. Such harmonics have the same magnitude at all symmetrically placed slots and we are not interested in such harmonics if the goal is to build a beam position monitor detecting the difference of the signals on the opposite wires. The signal in this case is given by the harmonics due to the nonzero beam offset. We can expect that such azimuthal harmonics b AE n get smaller for larger n. This is certainly the case when there are no slots. In this case, if the beam has a zero offset r 0 ¼ 0 there is only the n ¼ 0 harmonics and with a small r 0 the harmonics b AE n / ðr 0 =aÞ n . For narrow slots such a hierarchy still exists although nonzero harmonics may be present even for the zero offset case. This allows us to use a perturbation technique taking into account only the lowest azimuthal harmonics and neglecting the coupling between higher order azimuthal harmonics. However, if the goal is to build a pickup, the following results can be used as an estimate to obtain the order of the signal.
Let us consider first the mode m ¼ 0 neglecting coupling to the nonzero modes. Equation (25) 
Integrating by parts, we get
where KðpÞ is the Laplace transform of the kernel in Eq. (27),
The inverse Laplace transform gives at r > a þ Á:
Ài1þ" dp 2i e pr KðpÞ 1 À KðpÞ :
Here " > 0 and the contour is to the right of the integrand singularities. Simple calculations give
where 
The term b g ðrÞ grows exponentially with r and has to be canceled out. That defines
Hence, 
To cancel the exponentially growing terms at r ! 1, we put . . . . These coefficients are determined by matching the tangential components of the E and B fields at r ¼ a for each m. Calculations are straightforward but cumbersome. Because the full expression is too long to produce here, we give the explicit result in the limit k w ) k, k 2 a=k w ( 1 neglecting terms with additional factors k=k w or 1=ðk w aÞ. In this case,
The coefficients AE 0 for the harmonics m ¼ 0 can be obtained from here by putting sðmÞ ! 0 and then m ! 0.
III. RESULTS
Equations (39) 
The radial dependence of the m ¼ 1 harmonics of B ðrÞ within the wall at a frequency of 1 MHz is illustrated in 
È m ð!Þ defines the harmonics of the voltage V m ð!Þ induced in the contour,
The spectral density is shown in Fig. 6 . Induced voltage U m ðtÞ in the contour by a single beam particle lagging at z i from the bunch center is obtained by integrating over all frequencies 
The signal from a bunch is obtained by summing up contributions of all particles. For a Gaussian bunch with an rms length b and population N b , we replace the sum by a convolution of the spectrum density of the bunch, 
